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Problem 1 (35 points)

Problem 1

(35 points)

Hint: The parts (a)-(d), (e)-(h) and (i)-(j) can be solved independently!
Given is a mixed-tone cosine signal υ1 (t) =

2
P

ai cos (2πfi t) with the essential frequencies

i=0

f0 = 1.0 kHz, f1 = 2.0 kHz, f2 = 4.0 kHz and amplitudes a0 = 0.5 V, a1 = 0.25 V and
a2 = 0.75 V.
(a) Sketch the spectrum V1 (jω) = F {υ1 (t)} of the signal υ1 (t). Label all axes!

(4 P)

(b) To obtain an ideally sampled signal υ1,s1 (t), assume that signal υ1 (t) is multiplied

(3 P)

with a periodic pulse train p (t) =

∞
P

n=−∞

δ0 (t − nTs ), with sampling frequency fs1 =

1/Ts = 12 kHz. Sketch the spectrum V2 (jω) = F {υ1,s1 (t)} from −ωs1 to ωs1 .
(c) The sampling frequency is now changed to fs2 = 1/Ts = 5 kHz and in turn υ1,s2 (t)
is obtained by multiplication of υ1 (t) with p (t) (see part (b)). Sketch the spectrum
V3 (jω) = F {υ1,s2 (t)} from −ωs2 to ωs2 .

(3 P)

(d) Which signal υ1,s1 (t) and/or υ1,s2 (t) could be correctly recovered by an ideal lowpass
with the cutoff frequency fc = 5 kHz?

(2 P)





In the following consider a sinusoid signal υ (n) = 0.5V · sin ωω0s · n with f0 = 10 Hz and
fs = 10 kHz which has to be quantized with a midrise quantizer. The word length of the
quantizer is 3 bits. The quantizer has a digital full scale.
(e) Determine: The range R of the signal, the quantization levels L the quantizer has,
and the quantization step ∆.

(3 P)

(f) Sketch the input-output characteristic of the quantizer. Sketch all in subproblem (e)
found parameters!

(4 P)

(g) For time index n = 1200 calculate the quantized value vq (n) and the quantization
error eq (n).

(2 P)

(h) Sketch the real system and the mathematical model of the system with the added
quantization noise.

(2 P)

From now on consider a 4-point DFT of a filter impulse response h(n) as
H(µ) = {2, −j, 0, j}
and an input signal x(n) = {j, 2, −3, 1}.
(i) Find the 4-point DFT X(µ) for x(n) for µ = 0 ... 3.

(5 P)

(j) Find the output signal y(n) = x(n) ⊛ h(n) by first finding Y (µ) = DFT {y(n)}.

(7 P)
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Problem 2 (36 points)

Problem 2

(36 points)

Hint: The parts (a)-(d), (e)-(f) and (g)-(h) can be solved independently!
A system H(z) =

Y (z)
V (z)

is given by the signal flow graph depicted in Figure 1.
z −1
−(1 − α)

z −1
−α

v(n)

y(n)
z −1

α
2

Figure 1: Signal flow graph of the system H(z).

(a) Determine the system’s transfer function H(z) =
summation point.

Y (z)
V (z) .

Setup equations for each

(10 P)

(b) Determine the difference equation of the system in dependency of y(n) and v(n).

(2 P)

(c) Draw a Direct Form II realization, which realizes the same behaviour as the filter
depicted in Figure 1.

(5 P)

(d) Is the given filter stable for α = 0.5? Give reasons for your answer.

(2 P)

Hint: The first pole is at z∞,1 = −1.
From now on the following transfer function is given:
H1 (z) =





2−α
1−α
z3

z2 − 1

−z

.

The given system H1 (z) has been determined by designing an analog system Ha (s) and
transforming it to the digital domain by using the bilinear transform. The relationship
1−z −1
between the s-plane and the z-plane is given by s = T2 1+z
−1 .
(e) Is the given filter stable? Give reasons for your answer.

(5 P)

(f) Find the transfer function Ha (s) of the analog system, that could have been the
basis for the design of the filter H1 (z). Therefore assume a sampling interval T = 2
and α = 0.5.

(7 P)

Hint: Simplify the transfer function Ha (s) such that the numerator and denominator consist of one polynomial each.
In the following consider the linear-phase FIR filter impulse response with some unknown
coefficients:
(
{?, ?, 0, ?, ?, −0.3, −0.1},
0 ≤ k ≤ 6,
h2 (k) =
0,
else.
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Problem 2 (36 points)

(g) Name all possible types of the linear-phase filter for h2 (k).

(2 P)

(h) Suppose now that H2 (ejπ ) = 0 holds for the frequency response H2 (ejΩ ) of h2 (k).
P
Furthermore, we require k h22 (k) ≤ 0.2. Using this additional information, determine the final type of the linear-phase filter and complete h2 (k).

(3 P)
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Problem 3 (29 points)

Problem 3

(29 points)

Hint: The parts (a)-(b), (c)-(d) and (e)-(m) can be solved independently!
Consider the multi-rate system depicted in Figure 2. The spectrum of X(ejΩ ) is also
depicted in Figure 2.
X ejΩ
1

−π



X ejΩ

π

π/4

−π/4



YM ejΩ
M



Ω

Figure 2: Block diagram of a multi-rate system.

(a) Sketch Ya (ejΩ ) for M = 2, M = 4, and M = 8 in the range of −2π < Ω < 2π. For
which case(s) does aliasing occur?

(6 P)

(b) Is it possible to avoid aliasing? Explain briefly your answer.

(1 P)

A non-integer downsampling by a factor of 7/3 can be performed by a multi-rate system.
(c) Explain briefly the necessary steps.

(2 P)

(d) Sketch a block diagram.

(2 P)

Consider the block diagram of a multi-rate system as depicted in Fig. 3.
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Figure 3: Block diagram of a multi-rate system.

(e) Give an expression for V1 (z) in terms of X2 (z) .

(1 P)

(f) Sketch V1 ejΩ

(2 P)



in the range of −2π < Ω < 2π. Label all axes!



in the range of −2π < Ω < 2π. Label all axes!

(g) Give an expression for V2 (z) in terms of X1 (z).

(1 P)

(h) Sketch V2 ejΩ

(2 P)

(i) Give an expression for V3 (z) in terms of X1 (z) and X2 (z).

(1 P)

(j) Give an expression for V4 (z) in terms of X1 (z) and X2 (z). Simplify as much as
possible!

(2 P)

(k) Give an expression for Y2 (z) in terms X1 (z) and X2 (z). Simplify as much as possible!

(3 P)
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Problem 3 (29 points)

(l) Give an expression for Y1 (z) in terms of X1 (z) and X2 (z). Simplify as much as
possible!

(3 P)

(m) Sketch a simplified block diagram of the system under consideration of the previous
results.

(3 P)
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